We prove that every n-vertex graph of genus g and maximal degree k has an edge separator of size O( p gkn). The upper bound is best possible to within a constant factor. This extends known results on planar graphs and similar results about vertex separators. We apply the edge separator to the isoperimetric number problem, graph embeddings and lower bounds for crossing numbers.
Introduction
Many divide and conquer algorithms on graphs are based on nding a small set of vertices or edges whose removal divides the graph roughly in half. Applications include VLSI layouts 14], Gaussian elimination 15] and graph embeddings 16] .
Formally, a class of graphs has f(n) vertex (edge) separator if every n-vertex graph in the class has a vertex (edge) cutset of size f(n) that divides the graph in two parts having no more than 2n=3 vertices. Lipton and Tarjan 17] proved that planar graphs have O( p n) vertex separator. The genus of a graph is the minimum number of handles that must be added to a sphere so that the graph can be imbedded in the resulting sphere with no crossing edges. Djidjev 6] and Gilbert, Hutchinson and Tarjan 9] proposed algorithms that nd an O( p gn) vertex separator for graphs of genus g. Further generalization was done in 20, 23] and recently in 19]. Miller 18] and Diks at al. 4] showed that every n-vertex planar graph of maximal degree k has an O( p kn) edge separator. Extensions of these results can be found in 8] .
In this paper we prove that any n-vertex graph of positive genus g and maximal degree k has an O( p gkn) edge separator. This bound is best possible to within a constant factor.
The separator can be found in O(g +n) time provided that we start with an imbedding of the graph in its genus surface. We apply the edge separator to the isoperimetric problem, to e cient embeddings of graphs of genus g into various classes of graphs including trees, meshes and hypercubes and to showing lower bounds on crossing numbers of K n ; K m;n and Q n drawn on surfaces of genus g.
2 Separation of graphs of genus g
Upper bound
We prove a stronger "weighted" version of the edge separator theorem mentioned in introduction. Before proving it we state some notions and an important lemma.
Let G = (V; E) be an n-vertex graph of genus g > 0 and maximal degree k whose vertices have nonnegative weights summing to 1 such that no weight exceed 2=3. Let us denote the sum of weights of vertices belonging to a set X as weight(X). Let j E j= m. Lemma In case that G is not connected we apply the above procedure to the component with the greatest weight. 2
Our proof can be directly transformed to an algorithm for nding the edge separator. Provided that we start with an imbedding of G in its genus surface the time complexity is O(m) = O(g + n) because nding both the set L s 0 and the vertex cut from Lemma 2.1 requires O(g + n) time 7] .
For some applications it can be useful to have an edge cut that divides the graph into two parts whose numbers of vertices di er at most by 1. Such edge cuts are called bisectors. 
Lower bound
In this section we prove that the bound in Theorem 2.1 is tight to within a constant factor whenever gk = O(n). We show this for the unweighted version of Theorem 2.1, i.e. all vertices have the same weight. We essentially use the following lemma. Lemma 2.2 9] There exists a constant such that for in nitely many g; n 0 ; g < n 0 , there is a regular graph G 0 with n 0 vertices, genus g and of degree 6 whose every vertex cut dividing G 0 into parts having 3=4 vertices has size p gn 0 . Corollary 2.2 Every edge cut that divides G 0 into parts having 3n=4 vertices has size at least p gn 0 . Proof: Let the claim be false. Hence there is an edge cut D of G 0 of size j D j< p gn 0 that partitions the vertices of G 0 in A and B, j A j; j B j 3n=4. Let j A j j B j : Delete all vertices that are incident to edges from D and belong to B. We have constructed a vertex cut of size < p gn 0 that divides G 0 into parts having 3n=4 vertices. 2 Theorem 2.2 For k = 0 mod 6 and in nitely many g; n; gk < 2n there is a graph G of n vertices, genus g and maximal degree k such that every edge separator of G has size ( p gkn). In this section we apply the edge separator to the isoperimetric problem, to graph embeddings and to nding lower bounds for crossing numbers of complete, bipartite and hypercube graphs drawn on a surface of genus g.
Isoperimetric number
The isoperimetric number i(G) of a graph G = (V; E) is de ned as i(G) = min n j (X) j j X j : X V; 1 jXj jV j ; for n > 18(g + 2) 2 . Our edge separator immediately implies the following improvement. where j (e) j denotes the length of the path (e).
exp( ; ) = j V 2 j j V 1 j cg( ; ) = max e2E 2 j ff 2 E 1 : e belongs to (f)g j :
The above measures are called the average dilation, expansion and congestion.
Lipton and Tarjan Using the same method we can extend this result as follows. For the rst average dilation we show an optimal lower bound. We use a method of 3]. Lemma 
In case G 2 is a path, the minimal congestion is usually called cutwidth. This notion has applications in VLSI design. Yannakakis 24] stated an open problem to nd a good approximation to the cutwidth of planar graphs. This was partially solved in 4]. We extend the result for graphs of positive geni. Because the cutwidth of a graph is not smaller than the size of its minimal edge separator the graph from Theorem 2.2 has the cutwidth at least ( p gkn): 2
Lower bounds on crossing numbers
In this subsection we apply Theorem 2.1 to showing lower bounds for the crossing numbers of complete, bipartite and hypercube graphs drawn in an orientable surface of genus g.
The orientable surface S g of genus g is obtained from a sphere by adding g handles. The crossing number cr g (G) of a graph G is de ned as the least number of crossings when G is drawn in S g . Very little is known on cr g (G). In 10] and 11] it is proved that cr 1 (K n ) = (n 4 ); cr 1 (K m;n ) = (m 2 n 2 ): Kainen 12] showed that cr g (Q n ) = ( ? g); for g ? 2 n?4 ; where Q n denotes the n-dimensional hypercube graph and its genus.
The following theorem which describes a lower bound methods for nding crossing numbers, was originally proved for planar graphs 13]. Our extension to graphs of genus g is straightforward.
Theorem 3.6 Let G = (V; E) be a graph. Let mec(G) denote the size of the minimal edge cut that divides G in two parts having 2 j V j =3 vertices. Suppose that the class of graphs of genus g and of maximal degree k has an f g;k (n) edge separator. Then cr g (G) 
Setting G = H n and substituting 2, 3 into 1 we obtain the desired result. 2 Lemma 3.2 mec(H n ) 2 9 n 2 : Proof: We use a method of Leighton 13] . Recall the de nition of the embedding and the congestion. Leighton proved that mec(G 2 ) mec(G 1 ) cg( ; ) : Let 2K n(n?1)p denote the complete graph on n(n?1)p vertices whose each edge is replaced by two new parallel edges. Set G 2 = H n ; G 1 = 2K n(n?1)p : We construct an embedding ( ; ) of G 1 in G 2 such that cg( ; ) 2(n ? 1) 2 p 2 :
Noting that mec(2K n(n?1)p ) 4 9 n 2 (n ? 1) 2 p 2 we immediately receive the lower bound for mec(H n ). We shall construct 2 paths between any two vertices of H n so that the congestion be as small as possible. Let us call the graph induced by the vertices u ij ; i = 0; 1; 2; :::; n?2; j = 1; 2; 3; :::; p; a cobweb.
Let u ij and u rs belong to the same cobweb. Suppose j s. If i = r then we join u ij and u rs by two shortest (identical) paths. If i 6 = r then we join u ij with u rs by two paths u ij ; u i+1;j ; :::; u rj and u ij ; u i?1;j ; :::; u rj and prolong these paths to u rs as above. Let two vertices of H n belong to di erent cobwebs. Let (x; y) be an edge joining these cobwebs. Join x(y) to the vertex belonging to the same cobweb as x(y) by two paths as above. Connect the paths by adding twice the edge (x; y). Simple 
